I. INTRODUCTION
Despite the observational success of the inflation paradigm, the nature of the inflationary epoch is still poorly understood. The single-field slow-roll model, being the simplest inflation model, might not be the whole story of the physics behind inflation. An abundance of inflation models introduce new fields, which are often coupled to the inflaton [1, 2] . Candidates for those new degrees of freedom include extra scalar fields in extensions of the simplest inflation model [3] . They might also be primordial vector fields that drive or impact inflation [4] , or even new vectorial degrees of freedom arising from modified theories of gravity [5] . Even in the simplest single-field slow-roll inflation, tensor metric perturbations [6] couple to the inflaton [7] [8] [9] [10] .
Fortunately, the cosmic microwave background (CMB) provides a special window to probe physics at very early moments, by encoding non-trivial primordial correlations beyond Gaussianity in its anisotropy pattern. By measuring the primordial bispectra, trispectra, and possibly higher-order correlation functions from its temperature and polarization anisotropies [11] [12] [13] [14] [15] , various inflation models will hopefully be distinguished, and new physics might be revealed.
Recently, Ref. [16] proposed a generic parameterization of the primordial bispectra involving the scalar metric perturbation Φ (the gauge-invariant Bardeen potential [17] ) and a new field h from inflation. The new field is dubbed an inflation fossil, a hypothesized primordial degree of freedom that no longer interacts or very weakly interacts during late-time cosmic evolution. The only observational effect of an inflation fossil might therefore be its imprint in the primordial curvature perturbation. Inflation fossils can be those extra fields that are introduced in a variety of alternatives to the single-field slowroll model. Different models may be distinguished by the spin of the new field. To treat different possibilities for the spin in a model-independent fashion, in Ref. [16] the fossil field is parameterized by a symmetric traceless tensor field. Since a symmetric traceless tensor contains a longitudinal scalar (L), two divergence-free vectors (V), and two divergence-free traceless tensors (T), the parameterization allows for all three possibilities for the spin. A given realization of the fossil field causes two different scalar perturbation modes to correlate with each other (panel (a) of Fig. 1 ). Scalar, vector, and tensor fossils give rise to geometrically distinct cross-correlations. For a stochastic fossil background, connected trispectra that correlate four differents modes of Φ are generated (panel (b) of Fig. 1 ) when an ensemble average over all fossil-field realizations is performed. Such a scenario of scalar four-point correlations but without scalar threepoint correlations can be sought in galaxy surveys where the correlations from scalar, vector and tensor fossils can be disentangled geometrically [16] .
In this paper we study the CMB signatures of fossil fields. Correlations between different Fourier modes of the curvature perturbation induce couplings between different CMB-temperature spherical-harmonic coefficients. We parametrize these cross-correlations in terms of bipolar spherical harmonics (BiPoSHs). In the presence of some realization of the fossil field, the CMB appears non-Gaussian with nonvanishing BiPoSHs, or equivalently, a nonzero four-point correlation function, or trispectrum. Here we first calculate the BiPoSH coefficients from a specific realization of the fossil field, and then find the BiPoSH power spectra for a stochastic background for the fossil field. We write down the minimum-variance CMB estimators for the amplitudes of the fossil-field power spectra. As an example, we numerically examine the case of a local-type scalar-scalar-fossil bispectrum with a scale-free fossil spectrum. That case can be described by two parameters, the amplitude of the bispectrum, and the normalization of the fossil power spectrum. We find that the dominant effects from a local-type bispectrum are modulations of small-angular-scale correlations on large angular scales. We evaluate the sensitivities for the reduced amplitude of the fossil background, a combination of the two parameters, for different fossil-field spin. Our results show that the sensitivity achievable by Planck is more than an order of magnitude better than that by current galaxy-clustering surveys and is comparable to that of larger next-generation surveys.
This paper is organized as the following. In Sec. II we first review the parametrization of the effect of fossil fields on scalar perturbations. Since this paper is concerned with the calculation of observables on a spherical sky, we recast the parametrization in Ref. [16] in terms of total-angular-momentum (TAM) waves [18] . The TAM formalism makes the rotational symmetry of the observed sky manifest throughout and thus greatly simplifies our calculation. We then move on to present the calculation of the BiPoSHs and the BiPoSH power spectra. After that, we construct the minimal-variance quadratic estimator for the reduced amplitude, and calculate the cumulative signal-to-noise. We proceed to present numerical results for a local scalar-scalar-fossil bispectrum in Sec. III. They are complemented by Sec. IV, which discusses a real-space picture of the fossil-field effects on the temperature map. Finally, we make concluding remarks in Sec. V. We also comment there on a divergence in the predicted observables from the scalar-scalar-tensor correlation in single-field slow-roll inflation.
II. CMB BIPOSHS FROM INFLATION FOSSILS

A. Fossil parameterization
Interactions between a fossil field h and the curvature perturbation R can generate three-point functions of the type RRh at horizon crossing that then convert into a primordial bispectrum involving two scalar-metricperturbation Φ modes and a fossil-field mode after the end of inflation. A realization of the h field then locally induces departures from statistical homogeneity in the scalar autocorrelation function, which then appears as a correlation between different Fourier modes of the scalar perturbation. A general parameterization,
is written down in Ref. [16] to account for the possibility that the fossil field h can be scalar, vector or tensor field. Here k 1 and k 2 are wavevectors of the two scalar-perturbation modes, K is the wavevector of the fossil-field mode, and h p (K) is the Fourier amplitude of the fossil field. The Dirac delta function reflects the translational invariance of the underlying physics. We introduce a generic bispectrum shape function f p h (k 1 , k 2 , K), which is related to the primordial scalarscalar-fossil bispectrum through
2 , where P p h (K) is the power spectrum for the fossil field. Moreover, the symmetric three-by-three polarization tensor ǫ p ab (K) with p = 0, L, x, y, +, × geometrically distinguishes modulations of scalar, vector, and tensor type through the azimuthal dependence when the configuration is rotated about the direction of K. The trace tensor ǫ
x,y a = 0 describe a transverse-vector fossil field. Likewise, two transversetensorial tensors ǫ
ab (K) = 0 describe a transverse-tensor fossil field.
B. The TAM formalism
Since angular observables defined on the twodimensional sky are involved, we adopt the total-angularmomentum (TAM) wave formalism, recently developed in Ref. [18] , to take full advantage of the rotational symmetry of the problem from the very beginning. In the TAM formalism, scalar, vector, or tensor fields in threedimensional space are expanded in terms of a complete set of spherical waves, as opposed to the conventional expansion in terms of plane waves. These spherical waves are eigenfunctions of the Helmholtz equation with wave number K and are eigenfunctions of total angular momentum and its third component with quantum numbers J and M . Although the scalar case has been long known as the Fourier-Bessel expansion, the TAM formalism greatly simplifies calculations when vector or tensor fields have to be projected onto the two-dimensional sphere. In our case here, since three-by-three symmetric polarization tensors are used in Eq. (1), scalar, vector and tensor fossil fields can all be incorporated into a symmetric traceless tensor field h ab (x). As the tensor field is expanded in terms of TAM waves, the longitudinal mode h In terms of TAM coefficients Φ lm (k) and h α JM (K) for the scalar perturbation and the fossil field respectively, the modulation analogous to Eq. (1) reads
for α = L, V E, V B, T E, T B respectively. Here Ψ k (lm) (x) and Ψ α,K (JM)ab (x) are TAM wave functions for scalar and tensor fields. The overlaps of three TAM wave functions have been worked out in Ref. [19] . Note that statistical homogeneity and isotropy require that f
C. CMB BiPoSHs
Through the epochs of radiation domination and matter domination to recombination, scalar metric perturbations source temperature and E-mode polarization anisotropies of the CMB. Therefore, cross-correlations of different scalar-perturbation modes, as a consequence of modulation by the fossil field, give rise to crosscorrelations between different harmonic modes of the CMB anisotropies. For clarity, in this paper we only discuss the effect on the temperature map. Still, the inclusion of E-mode polarization is straightforward and will improve the overall sensitivity of detection, once the cross-correlations between temperature and E-mode polarization are properly taken care of.
For a given fossil-field configuration, the modulation violates statistical isotropy in the anisotropies. This effect can be conveniently quantified in terms of a bipolar spherical harmonic (BiPoSH) expansion [20] . Being the two-sphere analog of the fossil-field modulation, Eq. (1), it provides a parameterization for the most general twopoint correlation function on the sky. Specifically, crosscorrelations of CMB temperature multipoles read
where
exist if J, l 1 and l 2 can form a triangle. The angle brackets with a subscript h denote an average over all realizations of Φ for a fixed realization of h. Here we use W l1l2l3 m1m2m3 as a compact notation for the usual Wigner-3j symbol. Since the fossil is parameterized by a symmetric tensor field, it only induces BiPoSHs with J 2.
Under the TAM basis, the scalar perturbation can be described by TAM coefficients Φ lm (k), which source CMB temperature multipoles according to
where g T l (k) is the scalar radiation transfer function for temperature.
Combining Eqs. (2), (4), and (5), the CMB BiPoSH due to modulation of a single TAM wave of the fossil field is,
where the parity P (α) = 0 for α = L, V E, T E and
where the relevant overlaps of three TAM wave-functions can be found in Eqs. (80), (81), (84), (85), and (87) of Ref. [19] , for each α respectively. Note that the dependence on azimuthal quantum numbers m 1 , m 2 , and M cancels out on the right hand side, and the final result for I α l1l2J (k 1 , k 2 , K) is reduced to an integral over the radial coordinate.
In the above result for the BiPoSH coefficients, rotational invariance is manifest in that a given A JM l1l2 is only generated by TAM waves of the fossil field with the same total-angular-momentum quantum numbers J and M . Moreover, due to parity conservation, L, V E, and T E modes only induce even-parity BiPoSHs, i.e. J +l 1 +l 2 = even, while V B and T B modes only induce odd-parity BiPoSHs, i.e. J + l 1 + l 2 = odd. Therefore, vector and tensor fossils, both containing B-mode TAM waves, can be distinguished from scalar fossils from their signature in odd-parity BiPoSHs. Nevertheless, vector and tensor fossils cannot be geometrically distinguished from each other from CMB BiPoSHs, as they can with threedimensional surveys [16] . This is heuristically understood as information loss when the three-dimensional correlation function of the scalar perturbation is projected onto the sky to give two-dimensional angular correlation functions of the CMB.
In addition to primordial mechanisms, late-time effects can distort a Gaussian, statistically isotropic map as well. Particularly, weak-lensing of the CMB by the foreground matter distribution also produces even-parity BiPoSHs, mimicking the effect of inflation fossils. Still, we anticipate the spectra of BiPoSHs from lensing to differ from those from modulation by fossils. The reason is that the power spectrum for lensing by the scalar potential peaks at J ∼ 60 [21] , but, e.g., for a local scalar-scalar-fossil bispectrum the fossil modulation effects dominate at J 5, as our results will show later. This implies that the shape of BiPoSH power spectra can be used to break the degeneracy. Besides, weak-lensing generates B-mode polarization of the CMB, while a primordial scalar-scalar-fossil bispectrum does not.
D. BiPoSH power spectra and estimators
A stochastic background of the fossil field is presumably generated during inflation, just like the scalar field or inflationary gravitational waves, and it is characterized by a power spectrum,
Statistical homogeneity and isotropy guarantee that
The statistical significance with which any individual BiPoSH is detected to be nonzero is expected to be small. In light of this, we average over all realizations of the fossil field, and define bipolar auto-/cross-power spectra,
to statistically measure the imprint of fossils. These correspond to four-point correlations in the temperature map. They are invariant under rotations. We emphasize that since the fossil-field power spectrum is statistically homogeneous and isotropic, statistical isotropy of the CMB is resumed after taking an ensemble average over the fossil field. To measure BiPoSHs from data, we use quadratic estimators. Estimators for BiPoSH coefficients can be constructed by
Then estimators for bipolar power spectra can be written down,
Note that the second term is needed to unbias the estimators with respect to a Gaussian CMB map without fossil effects. We assume a phenomenological parameterization for the fossil-field background, which is described by two parameters. One is the normalization P Z h for the power spectrum,
with a fiducial-power spectrum shapeP
The other is the amplitude B Z h of the scalar-scalar-fossil bispectrum,
with a fiducial bispectrum shapef
With these parameterization, Eq. (6) can be cast into the form
where α ∈ Z and the coefficient function F J,α l1l2 (K) can be read off from Eq. (6) as
The BiPoSHs power spectra are then calculated to be
where we define the reduced amplitude
of the fossil background. There is an observational degeneracy between the fossil-field power spectrum and scalarscalar-fossil bispectrum, so only this combination is measurable. An estimator,
for the reduced amplitude A Z h can be constructed, for each possible combination of J and l i , i = 1, . . . , 4. Taking into account the symmetry of A J,Z h,l1l2,l3l4 , without loss of generality we can fix l 1 l 2 , l 3 l 4 , and l 2 l 4 if
We can combine these estimators to bring down the statistical error. Under the null hypothesis, it can be shown that A J,Z h,l1l2,l3l4 's, being quartic expressions in a T lm , are nearly uncorrelated with each other. This is seen through calculating the null-hypothesis correlation matrix by applying the Wick expansion. Cross-correlation elements are suppressed by either negative powers of (2l i + 1) or a Wigner-6j symbol relative to the autocorrelation elements. Treating A J,Z h,l1l2,l3l4 's as statistically independent estimators, we then linearly combine them, and write down the inverse-variance-weighted estimator,
where (l1,l2,l3,l4) loops over all independent combinations of multipoles. The denominator is equal to the inverse variance of A Z h , which is worked out to be
Hence, a high signal-to-noise
A indicates a detectable BiPoSH signature in the CMB from inflation fossils.
III. NUMERICAL RESULTS
Our discussion so far applies to the most general inflation fossil with arbitrary power spectrum P α h (K) and bispectrum shape f α h (k 1 , k 2 , K). In order to provide some illustrative numerical estimates of the detectability of the signal, we specialize to the case where the bispectrum shape is of the local type. Such a bispectrum may arise if the fossil-curvature interaction is local. This occurs, for example, for the graviton-curvature-curvature bispectrum [7] in single-field slow-roll inflation. We approximate the bispectrum in this case by the fiducial form f
−3/2 it attains in the squeezed limit k 1 , k 2 ≪ K where it peaks. We assume a scalefree power spectrumP Z h (K) = 1/K 3 for the fossil field as should arise if no physical scale other than the Hubble scale comes into play during inflation.
Specializing to those fiducial forms for the power spectrum and the bispectrum, we numerically compute sensivities σ Z A . We assume the standard flat ΛCDM cosmology with the WMAP+BAO+H 0 best-fit cosmological parameters taken from TABLE 1 of Ref. [22] , except that for consistency we assume perfect scale-invariance during inflation by setting n s = 1. The public code CAMB [23] is used to tabulate radiation transfer functions. CMB multipoles up to l max = 3000 are considered.
We numerically evaluate and tabulate coefficient functions F J,α l1l2 (K) from Eq. (15) for 5 × 10
, ranging from fossil-field modes that are well outside of the horizon today to modes that were inside of the horizon at the last-scattering surface. Examples of F J,α l1l2 (K) are plotted in Fig. 2 to show some of the features. In the TAM-wave picture, the oscillatory nature of the F J,α l1l2 (K)'s can be understood as the value of the TAM wave function on the surface of last scattering. As K increases, spherical waves shrink inward to the origin, and hence nodes and anti-nodes alternate to pass the surface of last scattering. On the other hand, for large scale modes with very small values of K, even the first peak is well beyond the last scattering surface, and consequently BiPoSHs vanish in the infrared. Exceptions are the J = 2 even-parity modes α = L, V E, T E, whose wave functions do not vanish at the origin. Therefore, logarithmic infrared divergence arises in even-parity quadrupolar BiPoSHs due to superhorizon TAM modes. In this work, we introduce an infrared cutoff at K min = 5 × 10 −6 Mpc −1 , which does not affect the results except for the even-parity J = 2 BiPoSHs.
We calculate sensitivities for A Z h at 3σ statistical significance (Fig. 3) as a function of the largest CMB multipole l max dominated by the signal. No instrumental noise is assumed for l l max . We consider scalar, vector or tensor fossil fields Z = L, V, T respectively using two strategies. One is to fully exploit the information from both even-and odd-parity BiPoSHs. Since the signal-to-noise is dominated by even-parity BiPoSHs, this optimizes the sensitivity. In reality, however, lensing by gravitational potentials and other late-time mechanisms kick in on small angular scales l 1000. They mimic the effect of fossil fields by generating even-parity BiPoSHs as well, making it necessary to disentangle between them. To circumvent the problem, the second strategy is to include only odd-parity BiPoSHs. They provide clean probes of fossils with non-zero spin, with moderate compromise in the overall sensitivity. Even though there is degeneracy between the reduced amplitudes A V h and A T h from measurement of the CMB BiPoSHs, one can still break it with a three-dimensional measurement from galaxyclustering [16] .
The BiPoSH signal is dominated by anisotropic modulation on the largest angular scales, and J 5 almost saturates the detectability. On the other hand, modulation of small-scale anisotropies (very large l 1 and l 2 ) contributes large signal-to-noise to bring down σ Z A which is found to scale as l −2 max , in agreement with similar studies of CMB trispectra [14, 24] . Such a scaling law is justified analytically in the Sachs-Wolfe limit, valid on large scales. In that case, the radiation transfer functions are approximated by g T l (k) = −j l (kr * )/3, where r * ≈ 14 Gpc is the comoving distance to the last scattering surface. For a given BiPoSH angular scale J and CMB scale 34 , the signal squared can be shown to scale as l 34 , so that each estimator A J,Z h,l1l2,l3l4 contributes signal-to-noise squared ∝ l 12 l 34 . Given the constraints |l 1 − l 2 | < J and |l 3 − l 4 | < J, the number of such estimators scales as J l12 lmax l34 lmax . Therefore, the cumulative signalto-noise squared is S 2 ∝ J l12 lmax l34 lmax l 12 l 34 ∝ l 4 max . Nonetheless, at l max 3000, gravitational lensing and instrumental error take over [12] , cutting off the growth in sensitivity.
To compare our results to the trispectrum parameter τ N L widely used in the local model of primordial non-Gaussianity [14, 25- In this way, we compare our results to the WMAP 5-year bound |τ N L | < 3.3 × 10 4 [29] and to the bound τ N L < 2800 at 2σ from the first Planck data release [30] . Good discovery potentials for Planck with l max = 2500 can be achieved, for both even-/oddparity BiPoSHs combined and odd-parity BiPoSHs alone. The Planck satellite can improve upon WMAP's sensitivity to A Z h by a factor ∼ 25. Planck's sensitivity corresponds to that of a galaxy-clustering surveys with volume V = 60 Gpc 3 h −3 and a resolution k max = 0.1 h Mpc −1 . Thus, Planck's sensitivity is in principle nearly two orders of magnitude better than that of the current SDSS-III BOSS survey [31] . Besides, we find good numerical agreement with the τ N L forecasts of Ref. [14] . 3σ-sensitivity for Figure 3 : Predicted 3σ sensitivity for the fossil-field reduced amplitude A Z h as a function of the maximum multipole lmax. Only BiPoSHs with J 5 are considered, as they dominate the signal. For the quadrupolar signal J = 2 from L, V E, T E modes, we cut off the infrared divergence at K = 5 × 10 −6 Mpc −1 . We relate our results to the primordial trispectrum parameter τNL in the local model of non-Gaussianity through A L h = 5.3 × 10 −23 τNL. We show the WMAP 5-year constraint (horizontal solid), and the constraint from the first Planck data release (horizontal dashed).
IV. LOCAL-DEPARTURE MODULATION IN REAL SPACE
There exists, for the local-type scalar-scalar-fossil, a simple and illustrative real-space picture of the effect of the fossil field on primordial perturbations. To see this, we write,
(20) This reproduces the squeezed limit K → 0 of Eq. (1) with the local-departure form Eq. (13) . Here Φ g (x) is the gaussian field, and P Φ is the dimensionless normalization of the scalar-perturbation power spectrum. Note that the relation between Φ(x) and Φ g (x) is local.
For CMB multipoles l 100, the temperature is determined primarily by the value of the potential Φ at the surface of last scattering. Therefore, consider one TAM mode of the fossil field. The distortions to hot and cold spots induced by the fossil field are proportional to the value of the TAM wave function Ψ α,k (JM)ab (x) on the surface of last scattering. This reduces to threedimensional tensor field that lives on the surface of the two-sphere. This tensor field is a linear combination of the five tensor spherical harmonics Y β (JM) (n), β = L, V E, V B, T E, T B, as shown in Eq. (94) of Ref. [18] where the comoving radial distance r corresponds to the comoving distance to the surface of last scattering. We clarify here that although these tensor spherical harmonics are only functions of two-dimensionaln, their tensor value at eachn can have components purely perpendicular (β = T E, T B) or parallel (β = L) to the line of sight, or even partially perpendicular (β = V E, V B). 
Consider a patch in the sky, which is small relative to the typical variation scale of the fossil field, but large relative to the scale of hot and cold spots. Then according to Eq. (20) the fossil field acts as a constant modulation factor across the patch. From Eq. (20), the departure is proportional to the double gradient of Φ g (x), but only the components purely perpendicular to the line of sight can be seen. These then distort isothermal contours on the sky. This implies that local distortion patterns are distinct for each of the five types of tensor harmonics (Fig. 4) : (1) The longitudinal harmonic Y L (JM)ab (n) is purely radial, so from a projected view onto the sky, isothermal contours expand or shrink in an isotropic way. As a result, only the contrast between hot and cold spots are enhanced or reduced, but the shape and the center remain the same. (2) The vectorial harmonics Y V E,V B (JM)ab (n) establish a preferred direction at givenn from a projected view onto the sky. Isothermal contours are shifted when they are perpendicular to that preferred direction, but are unchanged if parallel to it. The outcome is that spots are shifted parallel or anti-parallel to the preferred direction, and hot spots and cold spots shift in the same direction. (3) The purely transverse tensorial harmonics Y T E,T B (JM)ab (n) define two principle directions perpendicular to each other at givenn from a projected view onto the sky. Isothermal contours always shift to the hot side along one principle direction, and shift to the cold side along the other principle direction. This leaves the center of the hot and cold spots unchanged, but induces ellipticity by elongating the spot along one of the principle directions and squashing it along the other.
On the scale of the fossil-field modulation, the local distortion pattern varies from patch to patch (Fig. 5) . Given fossil-field angular-momentum quantum numbers J and M , the full sky is divided into regions centered at zeroes of the harmonic. For modulation by the longitudinal harmonic Y L (JM)ab (n), the hot/cold contrast is enhanced in one of the two adjacent regions and is re- • . Again, in adjacent regions the effect is the opposite.
In the far-field limit, i.e. small fossil-field wavelength relative to the comoving distance to the surface of last scattering, the TAM wavefunction Ψ α,k (JM)ab (x) is asymptotically proportional to the corresponding type of tensor harmonic Y α (JM)ab (n). In that case, longitudinal TAM waves mainly modulate hot/cold contrast, divergencefree vectorial TAM waves mainly induce displacement, and divergence-free tensorial TAM waves mainly generate ellipticity. However, the interesting scales for a bispectrum of the local type are large scales, and a given TAM wavefunction typically projects to different types of tensor harmonics at last scattering and generates different types of real-space distortions simultaneously.
V. CONCLUSION
In this paper, we have investigated the signature of inflation fossils in the anisotropies of the CMB temperature. To take into account the possibilities that the fossil can be a scalar, a vector or a tensor, we have used a generic parameterization for cross-correlations of two scalar perturbation modes as a consequence of the fossil. In harmonic space, non-zero BiPoSH coefficients are induced; in real space, the effects show up as modulations of temperature contrast and displacement and ellipticity of hot and cold spots from patch to patch across the sky. We have provided results for BiPoSH coefficients and BiPoSH power spectra for general inflation fossil scenarios.
As an important example, we have numerically examined the case of a local-type modulation, featuring a scalar-scalar-fossil bispectrum dominated by the squeezed limit and a scale-free fossil power spectrum. By constructing the minimum-variance quadratic estimator, we have found that the combination
2 can be measured. Our numerical results show that modulations on large angular scales dominate the signal, and the sensitivity improves as l −2 max . For an experiment with Planck's sensitivity l max = 2500 and with a combined analysis of both even-parity and odd-parity BiPoSHs, we find detectability at A Z h /10 −20 = 6.6, 3.5, 3.5 for Z = L, V, T respectively, at 3σ significance. On the other hand, odd-parity BiPoSHs alone are clean probes of vector/tensor fossils, with sensitivities A Z h /10 −20 = 20, 8.6 for Z = V, T respectively. These results are comparable to a sensitivity for the trispectrum parameter in the local model τ N L ∼ 1250. They are also significantly better than the sensitivity estimated to be available with current galaxy-clustering surveys.
Even better signal-to-noise is expected if the E-mode polarization is also considered (the scalar-scalar-fossil bispectrum we discuss here does not generate or affect the B-mode polarization). In that case, the BiPoSHs arising from T T -correlation, EE-correlation and T E-correlation are correlated with each other. Therefore, a correct treatment must involve inverting the covariance matrix. We do not include the full analysis with polarization in this paper, leaving it to future work. Also, it will not be possible to geometrically distinguish between scalar-, vectorand tensor-type fossil field from the CMB. A possible solution might be to scrutinize the shape of the bipolar power spetra. The shape is found to be degenerate between vector and tensor fossils for a primordial bispectrum of local type, but it might be more discriminative for models with primordial bispectra of other shapes. In the latter case, fossil modes smaller than the scale of the last scattering surface can be important, and therefore distince BiPoSH shapes can be induced due to different polarization patterns for the scalar-, vector-and tensortype fossil TAM wavefunctions in the far-field limit, as discussed in Sec. IV.
Weak lensing of the CMB by the foreground mass distribution also generates non-zero BiPoSHs and could thus constitute a background for the fossil-field signal. However, the fossil-field signal peaks (at least for a localtype coupling) at J few, while the weak-lensing BiPoSHs peak at J ∼ 100 and will have a very preciselypredictable shape. Vector and tensor fossil fields will moreover be distinguishable by the odd-parity BiPoSHs, which are not induced by lensing by density perturbations. Finally, lensing introduces a CMB-polarization B mode, which can further distinguish it from the effects of a fossil field.
Before closing we comment on the nature of the infrared divergence in the prediction for the amplitude of the quadrupolar (J = 2) BiPoSHs that arises if the fossil field has a scale-invariant spectrum and an inflatoninflaton-fossil three-point function of the local type. The predicted amplitude for the J = 2 BiPoSH then depends logarithmically on the smallest wavenumber K for the fossil field, and thus, on the onset of inflation. A similar divergence arises also in the fossil-field prediction of galaxy clustering [16] . The result seems to imply that distance scales well beyond the horizon are having significant effect on observables within the horizon. A similar logarithmic divergence has been discussed in Refs. [9, 10] where it was argued that the tensor-scalar-scalar threepoint correlation in slow-roll inflation may give rise to an power quadrupole that could be probed observationally [32, 33] . One the other hand, in Refs. [34, 35] infraredsafe correlation functions are constructed and are argued to be representative of the statistics in the local Hubble patch. We believe it is important to fully understand this effect, as it occurs from the scalar-scalar-tensor threepoint function that arises in single-field slow-roll inflation [7] , even without the introduction of additional new field.
